We use countable metric spaces to code Polish metric spaces and evaluate the complexity of some statements about these codes and of some relations that can be determined by the codes. Also, we propose a coding for continuous functions between Polish metric spaces.
Introduction
A Polish metric space is a separable complete metric space X, d and a Polish space is a topological space X which is homeomorphic to some Polish metric space (in the first notion the complete metric is required). As any Polish metric space is the completion of a countable metric space and the latter can be coded by reals in R ω×ω , we can use such reals to code Polish metric spaces. This coding was used by Clemens [Cle12] to formalize the isometry relation and to study other equivalence relations that can be reduced to that one.
In this paper, we take a closer look to this coding and study the complexity of some statements about codes, some of them characterizing relations between Polish metric spaces. In particular, we provide a different proof of [Cle12, Lemma 4 ] that states that the isometry relation is analytic (Theorem 3.5(f)). We also code continuous functions between Polish metric spaces by Cauchy-continuous functions between the corresponding separable metric spaces and, like in the case of Polish metric spaces, we study the complexity of some statements about this coding. This allows us to prove that the homeomorphic relation between codes is Σ 1 2 (Corollary 4.8). The contents of this work is the starting point of research for describing certain aspects of descriptive set theory (like category and measure) by the coding presented in this paper.
We fix some notation. Given two metric spaces X, d and X ′ , d ′ , say that a function ι : X, d → X ′ , d ′ is an isometry if, for all x, y ∈ X, d(x, y) = d(f (x), f (y)) (we do not demand an isometry to be onto). Additionaly, we say that ι is an isometrical isomorphism if it is onto, for which case we say that the metric spaces X, d and X ′ , d
′ are isometrically isomorphic. We structure this paper as follows. In Section 2 we review some general aspects about completions of metric spaces. Afterwards, in Section 3, we introduce the coding for Polish metric spaces and look at the complexity of statements concerning these codes. Section 4 is dedicated to the theory of codes for continuous functions between Polish metric spaces, plus some general facts about functions between metric spaces and their completions.
′ between metric spaces is Cauchycontinuous if, for any Cauchy sequence
Clearly, any Cauchy-continuous function is continuous and any uniformly continuous function is Cauchy continuous. Also, if f :
′ is a function between metric spaces with X, d complete, then f is continuous iff it is Cauchy-continuous.
Theorem 2.3. Let X 0 , d 0 , ι be a completion of the metric space X, d and let f :
′ be a continuous function into a complete metric space Y, d ′ .
(a) There is at most one continuous functionf :
(b)f as in (a) exists iff f is Cauchy-continuous.
(c) If f is Cauchy-continuous, then (c-1)f is uniformly continuous iff f is.
(c-2)f is an isometry iff f is.
(c-3)f is an isometrical isomorphism iff f is a dense isometry.
(b) Iff exists then it is Cauchy-continuous. As ι is Cauchy-continuous, then so is f .
For the converse, we first show how to definef . Given x ∈ X 0 , find a sequencē x = x n n<ω in X such that lim n→+∞ ι(x n ) = x. Clearly,x is a Cauchy sequence and, as f is Cauchy-continuous, f (x n ) n<ω is a Cauchy sequence in Y so, by completeness, it converges in Y to a point we define asf (x). Note that this point does not depend on the choice ofx because, ifȳ is another Cauchy sequence in X such that lim n→+∞ d(x n , y n ) = 0, then x 0 , y 0 , x 1 , y 1 , . . . is a Cauchy sequence in X and f (x 0 ), f (y 0 ), f (x 1 ), f (y 1 ) . . . is a Cauchy sequence in Y , so both sequences f (x n ) n<ω and f (y n ) n<ω converge to the same point. Clearly, f =f • ι.
To see the continuity off , assume that x ′ n n<ω is a sequence in X 0 that converges to x ∈ X 0 . By the definition off , for each n < ω we can find an
(c) As ι is uniformly continuous, it is clear that f is uniformly continuous iff is. For the converse, assume that f is uniformly continuous and let ε > 0. Then, there is a δ > 0 such that, for all
. For each e = 0, 1 find an x e ∈ X so
To see (c-2), as ι is an isometry, it is clear that f is an isometry iff is. For the converse, assume that f is an isometry and let x 0 , x 1 ∈ X 0 . For each e = 0, 1 find a sequence x e n n<ω in X so that lim n→+∞ ι(x e n ) = x e . By continuity of metrics, it is clear that
the last equality because
Finally, to prove (c-3), if f is a dense isometry, then so isf because
′ is a complete metric space becausef is an isometry, therefore, this set is closed in Y . Thus, by density, it is equal to Y . The converse is straightforward.
On the other hand, there is a continuous function ι * * :
By uniqueness of the completion of the respective diagrams, ι * is an homeomorphism and (ι * ) −1 = ι * * . Therefore, by (c-3), ι 1 is a dense isometry.
Coding Polish metric spaces
We code all Polish metric spaces with countable metric spaces of the form η, d where η ≤ ω is an ordinal.
Definition 3.1. Let η, d be a metric space where η is an ordinal ≤ ω.
(1) When X, d X is a Polish metric space, we say that
(2) When X is a Polish space, we say that η, d codes X if some (or any) completion of η, d is homeomorphic with X.
Example 3.2.
(1) The Polish metric space R, d R with the standard metric is coded by ω, d Q (in the sense of (1)) where the metric d Q makes the canonical bijection
. As a consequence, ω, d Q codes R as a Polish space (in the sense of Definition 3.1(2)).
(2) For S :
, which is compatible with the product topology when each S(n) is discrete. Here, S, d S is coded by η, d Q S where η = |Q S | with Q S the set of eventually zero sequences in S and d Q S the metric on η so that the canonical bijection
(3) As a particular case of (2), considerω : ω → {ω} the constant function on ω, d Qω ∈ D(ω) and the dense isometry
This is an standard coding of the Baire space.
Though Polish metric spaces coded by the same η, d are isometrically isomorphic, homeomorphic codes do not lead to homeomorphic Polish spaces. For example, consider the metrics d 1 and d 2 on ω where d 1 is the discrete metric, that is, d 1 (n, m) = 1 if n = m or 0 otherwise, and d 2 (n, m) = |2 −n − 2 −m |. Though both metrics are compatible to the discrete topology on ω, the completion of ω, d 1 is itslef, while the completion of ω, d 2 is the ordinal ω + 1 (with the order topology).
Note that, if X is a Hausdorff topological space which contains a dense finite set, then X is finite with the discrete topology, so any finite Polish space is coded by a natural number (its size) with any metric. So we only need to concentrate on Polish spaces coded by a metric on ω, that is, on infinite Polish spaces.
One interesting fact is to recognize when two countable metric spaces code the same Polish metric space.
Lemma 3.3. Let X 0 , d 0 and X 1 , d 1 be metric spaces. Then, both metric spaces have isometrically isomorphic completions iff there exists a metric space η, d where η is a cardinal ≤ |X 0 | + |X 1 | and there are dense isometries ι e : X e → η for each e = 0, 1. (1) ω, d 0 and ω, d 1 code isometrically isomorphic Polish metric spaces.
Proof. Assume that, for each
(2) There is a metric d * on ω and there is a dense isometry ι e : ω, d e → ω, d * for each e = 0, 1. Let D(ω) be the set of metrics on ω. Note that D(ω) ⊆ R ω×ω , so we can say that infinite Polish spaces are coded by reals corresponding to metrics on ω. The previous lemma indicates that codes of the same Polish metric space enjoy an amalgamation property.
In the following result we provide the complexity of some relevant statements concerning codes for Polish metric spaces. 
which is analytic by (a)-(d).
Codes for perfect Polish spaces can also be classified.
Lemma 3.6. Let X, d be a metric space and let X * , d * , ι be its completion.
(c) X * is perfect iff X is perfect.
Proof. (a) Consequence of the density of ι[X].
(b) x ∈ X is isolated iff there is some δ > 0 so that {x} = B X (x, δ). On the other hand, for a fixed
(c) Direct from (a) and (b).
Corollary 3.7. ω, d codes a perfect Polish space iff ω, d is perfect. Even more, the set
2 , so it is a Polish space.
Recall that every perfect countable metric space is homeomorphic to Q, so all the codes for Perfect Polish spaces are pairwise homeomorphic.
Cantor-Bendixson Theorem (see, e.g., [Kec95, Thm. 6.4]) states that any Polish space has a unique partition on a perfect set and a countable open set. Even more, this perfect set is the largest closed perfect subset, usually known as the perfect kernel of the space. More generally, using Cantor-Bendixson derivates, any second countable space has a perfect kernel (that is, a largest perfect closed subset) and its complement is countable (see [Kec95, Sect. 6 .C]). However, the perfect kernel of a countable metric space does not represent the perfect kernel of its completion. For example, in R 2 , consider
, q n ) : n < ω} where Q ∩ (0, 1) = {q n : n < ω} and let X be the closure of D in R 2 . Note that X = D ∪ ({0} × [0, 1]) and that D is open in X and discrete. Thus, the perfect kernel of D is the empty set, but the perfect kernel of X is X D.
Coding continuous functions
The concept of Cauchy-continuous function is essential to code functions between Polish metric spaces. We review how a Cauchy-continuous function between metric spaces can be extended to a continuous function between their completions and also how can this process be reversed. The corresponding facts allows us to find an appropriate coding and its properties.
The following is a very useful tool to prove the results in this section.
Lemma 4.1. Let ι : X 0 , d 0 → X 1 , d 1 be a dense isometry between metric spaces and let f : X 1 , d 1 → X 2 , d 2 be a function between metric spaces. Then, f is Cauchycontinuous iff f is continuous and f • ι is Cauchy-continuous.
For the implication from right to left, by Theorem 2.3, there exists a unique continuous functionf : X * →X 2 such that f • ι =f • ι * • ι (here, wlog, we assume that X 2 is a dense subspace of its completionX 2 ). As bothf • ι * and f are continuous functions on X 1 which coincide in ι[X 0 ] and this set is dense in X 1 , then f =f • ι * . Therefore, by Theorem 2.3(b), f is Cauchy-continuous. The following result, on how to build functions between complete metric spaces from continuous functions between dense subspaces, can be seen as a particular case of Theorem 2.3. (a) There is at most one continuous functionf :
(b)f as in (a) exists iff f is Cauchy-continuous. (c-2)f is an isometry iff f is.
Proof. For (b) we use Theorem 2.3(b) and Lemma 4.1. To see (d), note thatf
and this set is dense in X * , then we conclude thatf (a) There is a continuous function f :
Moreover, such f is unique, and it is Cauchy-continuous.
(b) There exists a cardinal η ≤ |X| + |Y |, a metric d ′ on η and dense isometries ι :
Thus, by Theorem 4.2(b), f is Cauchy-continuous. Uniqueness is straightforward, as well as the reciprocal.
The previous results guarantee that we can code continuous functions between Polish metric spaces by Cauchy-continuous functions between countable metric spaces.
Y is a continuous function between infinite Polish metric spaces and
Define the relations cdi and ≈ cdi on C(ω) as follows ('cdi' stands for 'commuting dense isometries').
for each e = 0, 1.
According to the following result, the relation ≈ cdi determines whether two codes in C(ω) extend to the same continuous function. 
(2) implies (1) follows directly from Theorem 4.2. Assume (1), that is, for each e = 0, 1 there are dense isometries ι e : ω, d e → X, d X and ι
We also provide the complexity of ≈ cdi and of other related statements. 
Proof. We only focus on (e). Note that, for
′ for each e = 0, 1, and there is a continuous function g :
• ι e for each e = 0, 1' because such g must be Cauchy-continuous by Lemma 4.1. This latter statement is analytic by (a)-(c) and Theorem 3.5. Therefore, the relation ≈ cdi is a conjunction of the previous analytic statement with the co-analytic statement '
Finally, thanks to the results of this section, we can characterize when two countable metric spaces code the same Polish space (that is, homeomorphic Polish spaces) and we also find the complexity of this equivalence relation. 
by uniqueness in Lemma 4.3(a), g ′ • g = id ω . Likewise, we obtain g • g ′ = id ω , so g is bijective and g −1 = g ′ is Cauchy-continuous.
We denote the relation in the previous theorem by d 0 ≈ P d 1 ('P' stands for 'Polish'), which means that ω, d 0 and ω, d 1 code homeomorphic Polish spaces. As in Theorem 4.6, it is easy to see that being a Cauchy-continuous bijection with a Cauchy-continuous inverse is a co-analytic statement. Therefore, Corollary 4.8. The relation ≈ P is Σ 1 2 in (R ω×ω ) 2 .
